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Orbits of Free Cyclic Submodules
over Rings of Lower Triangular
Matrices
Edyta Bartnicka
Abstract
Given a ring Tn, n > 2, of lower triangular n×n matrices with entries
from an arbitrary field F , a complete description is performed of the
orbits of free cyclic submodules of 2Tn, under the action of the general
linear group GL2(Tn). It is given its total number, which is equal to
the Bell number Bn, and there are shown their representatives.
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1 Introduction
The projective line over a ring R with unity is a generalization of the concept
of the projective line over a field known from the algebraic geometry. It can
be defined as a set of those free cyclic submodules of the two-dimensional
left free module 2R which are generated by admissible or unimodular pairs.
In general, there exist free cyclic submodules generated by non-unimodular
pairs. The natural question arises about orbits of action of the general linear
group GL2(R) on the set of all free cyclic submodules of
2R. In this note we
investigate the case of a ring Tn of lower triangular n× n matrices
A =


a11 0 . . . 0
a21 a22 . . . 0
...
...
. . .
...
an1 an2 . . . ann


over a field F , where n > 2.
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The main motivation for this paper is, presented by Havlicek and Saniga
in [6], classification of the vectors of the free left module 2T2 over a ring
of ternions T2 up to the natural action of GL2(T2). It is shown that such
classification yields exactly two (one unimodular and one non-unimodular)
orbits of free cyclic submodules of 2T2 under the action of GL2(T2). In case
of any associative ring R with unity the unimodular GL2(R)-orbit is the
projective line P(R) which is described and used in many articles (see e.g.
[4, 2, 3]).
In [1] are described all orbits of free cyclic submodules in the ring T3 under
the action of GL2(T3). Throughout the paper we aim at extending and
generalisation these findings of [1] to an arbitrary ring Tn and we present the
full classification of orbits of free cyclic submodules of 2Tn.
The starting point of our investigation is giving the complete characterisation
of free cyclic submodules, unimodular pairs and outliers generating free cyclic
submodules in case of considered class of rings, i.e. Tn. Next, we introduce
representatives of all GL2(Tn)-orbits (Theorems 1 and 2). Finally, we prove
that the total number of GL2(Tn)-orbits is equal to the Bell number Bn
(Theorem 3).
2 Free cyclic submodules Tn (A,B)
Consider the free left module 2R over a ring R with unity. Let (a, b) ⊂ 2R,
then the set R (a, b) = {r (a, b) ; r ∈ R} is a left cyclic submodule of 2R. If
the equation (ra, rb) = (0, 0) implies that r = 0, then R (a, b) is free. We give
now the condition for a cyclic submodule Mn(A,B) ⊂
2Mn, where Mn is the
ring of n× n matrices over F , to be free. To this aim we use the expression
[AB] =


a11 a12 . . . a1n b11 b12 . . . b1n
a21 a22 . . . a2n b21 b22 . . . b2n
...
...
...
...
...
...
...
...
an1 an2 . . . ann bn1 bn2 . . . bnn


for any A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...
...
...
...
an1 an2 . . . ann

 , B =


b11 b12 . . . b1n
b21 b22 . . . b2n
...
...
...
...
bn1 bn2 . . . bnn

 ∈Mn.
Lemma 1. A cyclic submodule Mn (A,B) is free if, and only if, the rank of
[AB] is n.
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Proof. Let
kj =




a1j
a2j
...
anj

 , j = 1, 2, . . . , n


b1j
b2j
...
bnj

 , j = n + 1, n+ 2, . . . , 2n
and let wi =
[
xi1xi2 . . . xin
]
, i = 1, 2, . . . , n.
Then [AB] = [k1k2 . . . k2n] and X =


x11 x12 . . . x1n
x21 x22 . . . x2n
...
...
...
...
xn1 xn2 . . . xnn

 =


w1
w2
...
wn

.
”⇐ ” Suppose that the rank of [AB] is n. Equivalently exactly n column kj
of [AB] is a set of linearly independent vectors. Then the equation

w1
w2
...
wn

 [k1k2 . . . k2n] = 0,
(where 0 denotes the zero matrix of size n x 2n) implies that linear functionals
w1, w2, . . . , wn : F
n → F are zeros on n linearly independent vectors of the
space F n. So they are zeros and hence Mn (A,B) is free.
” ⇒ ” Assume that a submodule Mn (A,B) is free. Then the fact that
any set of linear functionals w1, w2, . . . , wn : F
n → F are zeros on vectors
k1, k2, . . . , k2n implies w1 = w2 = . . . = wn = 0. Consequently there exists a
set of n linearly independent vectors kj and so the rank of [AB] is n.
Remark 1. The statement of Lemma 1 remains true if one substitutes the
ring Mn by any its subring, in particular by the ring Tn.
It is well known that any unimodular pair generates a free cyclic submodule,
that is why we also call such submodules unimodular. Now we give the
description of the unimodularity in case of Tn.
Remark 2. A pair (A,B) ⊂ 2Tn is unimodular if, and only if, aii 6= 0∨bii 6= 0
for any i = 1, 2, . . . , n.
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Proof. According to the definition of the unimodularity (see [7, 5]) a pair
(A,B) ⊂ 2Tn is unimodular, if there exist matrices X, Y ∈ Tn such that
AX + BY = U ∈ T ∗n , where T
∗
n denotes the group of invertible elements of
the ring Tn.
AX + BY =


a11x11 + b11y11 0
. . .
∗ annx22 + bnnynn


for any X, Y ∈ Tn(q). Thus AX + BY = U ⇔ aiixii + biiyii 6= 0 for any
i = 1, 2, . . . , n. This is equivalent to the following condition: aiixii 6= −biiyii
for any i = 1, 2, . . . , n. Hence (A,B) ⊂ 2Tn is unimodular if, and only if,
aii 6= 0 ∨ bii 6= 0 for any i = 1, 2, . . . , n.
Another type of free cyclic submodules is the one represented by pairs not
contained in any cyclic submodule generated by an unimodular pair, so
called, outliers (as first introduced in [8]). As it was shown in [6, 1] the
class of non-unimodular free cyclic submodules can be wide, although not all
outliers generate free cyclic submodules.
Lemma 2. A pair (A,B) ⊂ 2Tn is an outlier generating free cyclic submodule
if, and only if, (A,B) is non-unimodular and rank[AB] = n.
Proof. According to [1, Theorem 1(2)] if a non-unimodular pair (A,B) ⊂ 2Tn
generates a free cyclic submodule, then (A,B) is an outlier. Lemma 1 and
Remark 1 now yield to desired claim.
It follows then that there is no other free cyclic submodule Tn (A,B) ex-
cept generated by an unimodular pair or an outlier. Furthermore, a cyclic
submodule Tn (A,B) generated by an unimodular pair cannot have non-
unimodular generators (see [1, Corollary 1]).
3 Representatives of GL2(Tn)-orbits
The general linear group GL2(Tn) acts in natural way (from the right) on
the free left Tn-module. Orbits of the set of all free cyclic submodules
Tn(q) (A,B) ⊂
2Tn(q) under the action of GL2(Tn) are called GL2(Tn)-orbits.
Before we proceed to show the form of represenatatives of such orbits, we
prove the following lemma.
Lemma 3. Let X, Y,W,Z ∈ Tn. The matrix
[
X Y
W Z
]
is invertible, i.e. is
an element of the group GL2(Tn), if, and only if, xiizii − yiiwii 6= 0 for all
i = 1, 2, . . . , n.
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Proof. If X, Y,W,Z are elements of the ring Tn over F , then the matrix[
X Y
W Z
]
can be identified with
Vn =


x11 0 . . . 0 y11 0 . . . 0
x21 x22 . . . 0 y21 y22 . . . 0
...
...
. . .
...
...
...
. . .
...
xn1 xn2 . . . xnn yn1 yn2 . . . ynn
w11 0 . . . 0 z11 0 . . . 0
w21 w22 . . . 0 z21 z22 . . . 0
...
...
. . .
...
...
...
. . .
...
wn1 wn2 . . . wnn zn1 zn2 . . . znn


,
where xij , yij, wij, zij ∈ F for any i = 1, 2, . . . , n; j = 1, 2, . . . , i. Hence the
matrix
[
X Y
W Z
]
is invertible if, and only if, |Vn| 6= 0. So, an equivalent
formulation of the above lemma is now: |Vn| 6= 0 ⇔ xiizii − yiiwii 6= 0 for
all i = 1, 2, . . . , n. It is easy to check that this equivalence is true for n = 2.
Suppose now that it holds for any natural k > 2 and let k + 1 = l. Then
|Vl| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x11 0 . . . 0 0 y11 0 . . . 0 0
x21 x22 . . . 0 0 y21 y22 . . . 0 0
...
...
. . .
...
...
...
...
. . .
...
...
xk1 xk2 . . . xkk 0 yk1 yk2 . . . ykk 0
xl1 xl2 . . . xlk xll yl1 yl2 . . . ylk yll
w11 0 0 . . . 0 z11 0 . . . 0 0
w21 w22 . . . 0 0 z21 z22 . . . 0 0
...
...
. . .
...
...
...
...
. . .
...
...
wk1 wk2 . . . wkk 0 zk1 zk2 . . . zkk 0
wl1 wl2 . . . wlk wll zl1 zl2 . . . zlk zll
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
5
= xll(−1)
2l
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x11 0 . . . 0 y11 0 . . . 0 0
x21 x22 . . . 0 y21 y22 . . . 0 0
...
...
. . .
...
...
...
. . .
...
...
xk1 xk2 . . . xkk yk1 yk2 . . . ykk 0
w11 0 . . . 0 z11 0 . . . 0 0
w21 w22 . . . 0 z21 z22 . . . 0 0
...
...
. . .
...
...
...
. . .
...
...
wk1 wk2 . . . wkk zk1 zk2 . . . zkk 0
wl1 wl2 . . . wlk zl1 zl2 . . . zlk zll
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+
+wll(−1)
3l
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x11 0 . . . 0 y11 0 . . . 0 0
x21 x22 . . . 0 y21 y22 . . . 0 0
...
...
. . .
...
...
...
. . .
...
...
xk1 xk2 . . . xkk yk1 yk2 . . . ykk 0
xl1 xl2 . . . xlk yl1 yl2 . . . ylk yll
w11 0 . . . 0 z11 0 . . . 0 0
w21 w22 . . . 0 z21 z22 . . . 0 0
...
...
. . .
...
...
...
. . .
...
...
wk1 wk2 . . . wkk zk1 zk2 . . . zkk 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
= xllzll(−1)
4l+2k|Vk|+ yllwll(−1)
5l+k|Vk| = (xllzll − yllwll)|Vk|.
By the assumption we get:
|Vk+1| 6= 0 ⇔ x(k+1)(k+1)z(k+1)(k+1) 6= y(k+1)(k+1)w(k+1)(k+1) ∧ xiizii 6= yiiwii
for all i = 1, 2, . . . , k. Equivalently
|Vk+1| 6= 0⇔ xiizii 6= yiiwii for all i = 1, 2, . . . , k + 1.
Thus, the lemma holds by induction.
Let (A, B) be a pair of 2Tn such that for all i = 1, 2, . . . , n, j = 1, 2, . . . , i− 1:
• aii, bij ∈ {0, 1},
• aij = bii = 0,
• the number of non-zero entries of [AB] is equal to its rank and it is n.
We will use the grotesk typeface for such pairs. According to Lemma 1 and
Remark 1 any pair (A, B) ∈ 2Tn generates free cyclic submodule.
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Theorem 1. Let (A, B), (C, D) ∈ 2Tn. Tn(A, B), Tn(C, D) are representatives of
distinct GL2(Tn)-orbits if, and only if, (A, B) 6= (C, D).
Proof. ”⇒ ” This is obvious.
”⇐ ” We give the proof by contradiction. Assume that Tn(A, B), Tn(C, D) are
in the same GL2(Tn)-orbit, i.e. there exists
[
X Y
W Z
]
∈ GL2(Tn) such that
(A, B)
[
X Y
W Z
]
= (C, D). Hence
{
aiixii = cii
aiiyii = 0
for any i ∈ {1, 2, . . . , n}.
Tn(A, B), Tn(C, D) are free, thus a11, c11 ∈ F
∗ = F\{0}, and so a11 = c11 = 1.
Let i ∈ {2, 3, . . . , n}. Consider two cases:
1. aii = 1; Then by the above system of equations and according to
Lemma 3 we get yii = 0, xii 6= 0 and cii 6= 0. Consequently cii = aii = 1,
and so all remaining entries in the i-th row of matrices A, B, C, D are
equal zero.
2. aii = 0; Then we get immediately cii = aii = 0. The form of (A, B) ∈
2Tn
implies that there exists exactly one non-zero entry bij in the i-th row
of the matrix B. Suppose then that bij = 1 for some j ∈ {1, 2, . . . , i−1}.
We obtain the system of equations:{
cij = 0 = aiixij + bijwjj + bi(j+1)w(j+1)j + . . .+ bi(i−1)w(i−1)j = bijwjj
dij = aiiyij + bijzjj + bi(j+1)z(j+1)j + . . .+ bi(i−1)z(i−1)j = bijzjj
Therefore wjj = 0. Lemma 3 leads to zjj 6= 0, and so dij 6= 0. Thus
dij = bij = 1 and all remaining entries in the i-th row of matrices
A, B, C, D are equal zero.
It means that (A, B) = (C, D), which completes the proof.
Theorem 2. Any GL2(Tn)-orbit has a unique representative Tn(A, B) ⊂
2Tn.
Proof. Taking into account Theorem 1 it suffices to show that any GL2(Tn)-
orbit has a representative of the form Tn(A, B) ⊂
2Tn. This is equivalent to
saying that for any free cyclic submodule Tn (A,B) ⊂
2Tn there exist matrices
Q ∈ GL2(Tn) and U ∈ T
∗
n such that U(A,B)Q = (A, B). We show now that
this holds.
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Let Tn (A,B) be any free cyclic submodule of
2Tn. We multiply (A,B) ∈
2Tn
by
[
X Y
W Z
]
∈ GL2(Tn), with entries yii = −a
−1
ii biizii, if aii 6= 0, and zii = 0,
if aii = 0, i = 1, 2, . . . , n. It gives
(A,B)
[
X Y
W Z
]
= (C,D),
where dii = 0 for any i = 1, 2, . . . , n.
Next step is multiplying
P−1 (C,D)
[
P 0
0 I
]
=
(
P−1CP, P−1D
)
= (J, E),
where P ∈ Tn, J is a Jordan normal form of C with block matrices Ji, which
are just elements of F . Of course, eii = 0 for any i = 1, 2, . . . , n.
Let J ′ be the matrix obtained from J by replacement any element Ji 6= 0 by
J−1i , and Ji = 0 by 1. The result of multiplication J
′(J, E) = (J ′J, J ′E) is a
pair (A, F ), where, for any i = 1, 2, . . . , n, aii =
{
1, Ji 6= 0
0, Ji = 0
and fii = 0.
We multiply again last pair (A, F ) by
[
I −F
0 I
]
and we obtain a pair
(A,−AF + F ) = (A, G), where gij = 0 for any i, j = 1, 2, . . . , n such that
aii = 1.
Suppose that it, t ∈ T are the numbers of non-zero rows of matrix G, where
it < is if t < s. Let now
1. j1 be the number of column of G such that gi1j1 6= 0 and gi1k = 0 for
any k > j1;
2. jt be the number of column of G such that jt 6= jl for any l =
1, 2, . . . , jt − 1, gitjt 6= 0 and gitk = 0 for any k satisfying the two
conditions: k > jt and k 6= jl for any l = 1, 2, . . . , jt − 1.
Consider the multiplication (A, G)
[
I 0
0 V
]
, where V is an invertible matrix
of Tn such that vjtjt = g
−1
itjt
if jt = it − 1, in other case
vjtjt = g
−1
itjt
(
1− git(jt+1)v(jt+1)jt − git(jt+2)v(jt+2)jt − · · · − git(it−1)v(it−1)jt
)
,
and vjtl = −g
−1
itjt
(
gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l
)
if jt = it − 1,
in other case
vjtl = −g
−1
itjt
[ (
gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l
)
+
8
+
(
git(jt+1)v(jt+1)l + git(jt+2)v(jt+2)l + · · ·+ git(it−1)v(it−1)l
) ]
for any l = 1, 2, . . . , jt − 1.
It gives a pair (A, H), where for any pair of indexes it, jt, t ∈ T and for any
l = 1, 2, . . . , jt − 1 we have: hitjt = gitjtvjtjt = gitjtg
−1
itjt
= 1 if jt = it − 1, in
other case
hitjt = gitjtvjtjt + git(jt+1)v(jt+1)jt + · · ·+ git(it−1)v(it−1)jt =
= gitjtg
−1
itjt
(
1− git(jt+1)v(jt+1)jt − git(jt+2)v(jt+2)jt − · · · − git(it−1)v(it−1)jt
)
+
+git(jt+1)v(jt+1)jt + · · ·+ git(it−1)v(it−1)jt = 1,
and
hitl = gitlvll + git(l+1)v(l+1)l + · · ·+ git(it−1)v(it−1)l =
= gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l + gitjtvjtl =
= gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l+
+gitjt
[
−g−1itjt
(
gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l
)]
= 0
if jt = it − 1, in other case
hitl = gitlvll + git(l+1)v(l+1)l + · · ·+ git(it−1)v(it−1)l =
= gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l+
+gitjtvjtl + git(jt+1)v(jt+1)l + · · ·+ git(it−1)v(it−1)l =
= gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l+
+gitjt
{
− g−1itjt
[ (
gitlvll + git(l+1)v(l+1)l + · · ·+ git(jt−1)v(jt−1)l
)
+
+
(
git(jt+1)v(jt+1)l + git(jt+2)v(jt+2)l + · · ·+ git(it−1)v(it−1)l
) ]}
+
+git(jt+1)v(jt+1)l + git(jt+2)v(jt+2)l + · · ·+ git(it−1)v(it−1)l = 0.
Clearly, for any i = 1, 2, . . . , n, j = 1, 2, . . . , i − 1 we have: hii = giivii = 0,
and hij = gijvjj + gi(j+1)v(j+1)j + · · · + gi(i−1)v(i−1)j = 0 if gij = 0 for all
j = 1, 2, . . . , i− 1.
Let us illustrate this part of the proof by the example of a pair
(A, G) =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
g31 g32 0 0 0 0 0
0 0 0 0 0 0 0
g51 g52 g53 g54 0 0 0
g61 g62 g63 g64 0 0 0
g71 g72 g73 g74 0 0 0




∈ 2T7
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where g32, g54, g63, g71 ∈ F
∗ First, we find indexes it, jt, t ∈ T and determine
respective entries of V ∈ T ∗7 :
• i1 = 3, j1 = 2,
v22 = g
−1
32 ,
v21 = −g
−1
32 g31v11;
• i2 = 5, j2 = 4,
v44 = g
−1
54 ,
v41 = −g
−1
54 (g51v11 + g52v21 + g53v31),
v42 = −g
−1
54 (g52v22 + g53v32),
v43 = −g
−1
54 g53v33;
• i3 = 6, j3 = 3,
v33 = g
−1
63 (1− g64v43),
v31 = −g
−1
63 (g61v11 + g62v21 + g64v41),
v32 = −g
−1
63 (g62v22 + g64v42);
• i4 = 7, j4 = 1,
v11 = g
−1
71 (1− g72v21 − g73v31 − g74v41) .
The result of multiplication (A, G)
[
I 0
0 V
]
is a pair (A, H) ∈ 2T7, where:
h32 = g32v22 = g32g
−1
32 = 1, h31 = g31v11+g32v21 = g31v11+g32
(
−g−132 g31v11
)
=
= 0,
h54 = g54v44 = g54g
−1
54 = 1, h51 = g51v11 + g52v21 + g53v31 + g54v41 = g51v11+
+g52v21 + g53v31 + g54
[
−g−154 (g51v11 + g52v21 + g53v31)
]
= 0, h52 = g52v22 +
+g53v32 + g54v42 = g52v22 + g53v32 + g54
[
−g−154 (g52v22 + g53v32)
]
= 0,
h53 = g53v33 + g54v43 = g53v33 + g54
(
−g−154 g53v33
)
= 0,
h63 = g63v33+g64v43 = g63g
−1
63 (1− g64v43)+g64v43 = 1, h61 = g61v11+g62v21+
+g63v31 + g64v41 = g61v11 + g62v21 + g63
[
−g−163 (g61v11 + g62v21 + g64v41)
]
+
+g64v41 = 0, h62 = g62v22+g63v32+g64v42 = g62v22+g63
[
−g−163 (g62v22 + g64v42)
]
+
+g64v42 = 0,
h71 = g71v11+g72v21+g73v31+g74v41 = g71g
−1
71 (1− g72v21 − g73v31 − g74v41)+
+g72v21 + g73v31 + g74v41 = 1.
As it was mentioned above hii = giivii = 0 for any i = 1, 2, . . . , 7 and
h21 = g21v11 = 0, h4j = g4jvjj + g4(j+1)v(j+1)j + · · ·+ g43v3j = 0 for j = 1, 2, 3.
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Moreover, h65 = g65v55 = 0, h75 = g75v55+ g76v65 = 0, h76 = g76v66 = 0. Thus
H =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 h64 0 0 0
1 h72 h73 h74 0 0 0


.
Now we present the last part of the proof. Let K be a matrix of T ∗n such
that kii = 1 for all i = 1, 2, . . . , n and
kii′ = −ki(i′+1)h(i′+1)j − ki(i′+2)h(i′+2)j − · · · − kiihij
if j-th column of H is of the form: hi′j = 1, hmj = 0 for all m < i
′ and hij 6= 0
for some i > i′. Then K(A, H) = (A, L), where
lij = ki(j+1)h(j+1)j + ki(j+2)h(j+2)j + · · ·+ kiihij =
= kii′ + ki(i′+1)h(i′+1)j + ki(i′+2)h(i′+2)j + · · ·+ kiihij = 0.
Therefore (A, L) = (A, B) what finishes the proof.
Turning to the example we get
K =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 −h64 0 0
0 0 −h72 0 h73h64 − h74 −h73 1


and (A, B) =




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0




.
Corollary 1. The total number of GL2(Tn)-orbits is equal to the number of
pairs (A, B) ∈ 2Tn.
11
Theorem 3. The total number of GL2(Tn)-orbits is equal to the Bell number
Bn.
Proof. Recall that the Bell number Bn is the number of partitions Π of the set
{1, 2, . . . n}. Therefore, in the light of Corollary 1 it is enough to show that
the set of pairs (A, B) ∈ 2Tn and the family of partitions Π are equipotent.
Let tk be the rank of a matrix Ak obtained from A = (akl) by removing its
rows and columns number k+1, k+2, . . . , n and let T = {tk; k = 1, 2, . . . , n}.
There exists a bijection that associates to every pair (A, B) ∈ 2Tn the partition
Π = {Utk , tk ∈ T} of the form
Π = {{k} ∪ {i; bij = 1, tk = j − rankBij}; k ∈ {1, 2, . . . , n}, akk = 1} ,
where Bij is the matrix obtained from B = (bij) by changing its rows number
i, i+1, . . . , n and columns number j, j+1, . . . , n into zero rows and columns.
For example, consider the pair
(A, B) =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0


,


0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0




∈ 2T6.
akk = 1 for k = 1, 2, 4, so Π = {Ut1 , Ut2 , Ut4}, where t1 = 1, t2 = 2, t4 = 3.
Of course, 1 ∈ U1, 2 ∈ U2, 4 ∈ U3. Moreover,
• b32 = 1, thus j − rankB32 = 2− 0 = 2 and hence 3 ∈ U2;
• b54 = 1, thus j − rankB54 = 4− 1 = 3 and hence 5 ∈ U3;
• b63 = 1, thus j − rankB63 = 3− 1 = 2 and hence 6 ∈ U2.
Therefore, the partition Π = {{1}, {2, 3, 6}, {4, 5}} corresponds to such pair
(A, B).
Conversely, to a partition Π = {Us, s ∈ S} of the set {1, 2, . . . n} corresponds
exactly one pair (A, B) ∈ 2Tn. To show this correspondence suppose that us
is the least element of the set Us, where s ∈ S. An entry aij of A = (aij) is
equal 1 if i = j = us for some s ∈ S, and is equal 0 in other cases.
Elements of the set
{1, 2, . . . n}\{us, s ∈ S} = {xm;m = 1, 2, . . . , n− rankA},
12
where x1 < x2 < · · · < xn−rankA, are numbers of rows with the entry 1
of the matrix B. Any other rows of B are zero rows. We have to indicate
now the column number ym containing the entry 1 from a row xm for any
m = 1, 2, . . . , n − rankA. We do it for each row one by one, from the least
xm, i.e. x1, to the greatest, i.e. xn−rankA. This order is crucial. For any
m = 1, 2, . . . , n − rankA the column ym is sth column without the entry 1
(from the left). Thereby, the entry 1 in x1th row is in sth column, where
x1 ∈ Us.
Consider now the partition Π = {{1}, {2, 3, 6}, {4, 5}} from the above ex-
ample. {us, s ∈ S} = {1, 2, 4}, so a11 = a22 = a44 = 1 and all remaining
entries of A are zero. x1 = 3, x2 = 5, x3 = 6, hence rows 3th, 5th and 6th of
B contain the entry 1. 3 ∈ U2, thus b32 = 1. 5 ∈ U3 and 3th column without
the entry 1 (from the left) is now the column number 4, therefore b54 = 1.
By the same way we get that b63 = 1 and all remaining entries of B are zero.
Finally, the pair (A, B) ∈ 2T6 corresponding to Π is of the form



1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0


,


0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0




.
Corollary 2. An orbit of unimodular submodules of 2Tn represented by pair
(A, B) = (1, 0) of 2Tn corresponds to the partition Π = {{1} , {2} , . . . , {n}}
of the set {1, 2, . . . n}.
Example 1. Consider the ring T4. By Theorem 3 there are exactly B4 = 15
GL2(T4)-orbits with the following representatives and corresponding parti-
tions of the set {1, 2, 3, 4}:
T4




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



 , Π = {{1}, {2}, {3}, {4}};
T4




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0



 , Π = {{1, 4}, {2}, {3}};
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T4




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0



 , Π = {{1}, {2, 4}, {3}};
T4




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0



 , Π = {{1}, {2}, {3, 4}};
T4




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

 ,


0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0



 , Π = {{1, 3}, {2}, {4}};
T4




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

 ,


0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0



 , Π = {{1}, {2, 3}, {4}};
T4




1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 ,


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0



 , Π = {{1, 2}, {3}, {4}};
T4




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0



 , Π = {{1, 3, 4}, {2}};
T4




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
1 0 0 0
0 0 1 0



 , Π = {{1, 3}, {2, 4}};
T4




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0



 , Π = {{1, 4}, {2, 3}};
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T4




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0



 , Π = {{1}, {2, 3, 4}};
T4




1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 ,


0 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0



 , Π = {{1, 2, 4}, {3}};
T4




1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 ,


0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0



 , Π = {{1, 2}, {3, 4}};
T4




1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 ,


0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0



 , Π = {{1, 2, 3}, {4}};
T4




1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0



 , Π = {{1, 2, 3, 4}}.
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